In this paper, we study a class of fractional q-difference equations with nonhomogeneous boundary conditions. By applying the classical tools from functional analysis, sufficient conditions for the existence of single and multiple positive solutions to the boundary value problem are obtained in term of the explicit intervals for the nonhomogeneous term. In addition, some examples to illustrate our results are given.
Introduction
Fractional differential equations have attracted considerable interest because of its demonstrated applications in various fields of science and engineering including fluid flow, rheology, diffusive transport akin to diffusion, electrical networks, probability [ 
where C D α q is the fractional q-derivative of the Caputo type, and a i , b i , c i , η i ∈ R. Recently, in [] , the authors investigate the following singular semipositone integral boundary value problem for fractional q-derivatives equation:
) is continuous and semipositone, and may be singular at u = .
Since finding positive solutions of boundary value problems is interest in various fields of sciences, fractional q-calculus equations has tremendous potential for applications. In this paper, we will deal with the following nonhomogeneous boundary value problem with fractional q-derivatives:
where q ∈ (, ),  < α ≤ , γ ≥ , β > , and λ is a parameter, D α q is the q-derivative of Riemann-Liouville type of order α, f : [, ] × R → R is continuous. In the present work, we gave the corresponding Green's function of the boundary value problem (.) and its properties. By using the generalized Banach contraction principle and Krasnoselskii's fixed-point theorem, the uniqueness, existence, and multiplicity of positive solution http://www.boundaryvalueproblems.com/content/2013/1/103 to the BVP (.) are obtained in term of the explicit intervals for the nonhomogeneous term. Our results are different from those of [, ].
Preliminaries on q-calculus and lemmas
For the convenience of the reader, below we cite some definitions and fundamental results on q-calculus as well as the fractional q-calculus. The presentation here can be found in, for example, [, , , ].
Let q ∈ (, ) and define
The q-analogue of the power function (a -b) n with n ∈ N  := {, , , . . .} is
and
The q-derivative of a function f is defined by
and q-derivatives of higher order by
The q-integral of a function f defined in the interval [, b] is given by
Similar to that for derivatives, an operator I n q is given by
The fundamental theorem of calculus applies to these operators I q and D q , i.e.,
and if f is continuous at x = , then
The following formulas will be used later, namely, the integration by parts formula:
where t D q denotes the derivative with respect to the variable t. 
where [α] is the smallest integer greater than or equal to α.
Lemma . Let α, β ≥  and f be a function defined on [, ]. Then the following formulas hold:
() (I β q I α q f )(x) = (I α+β q f )(x), () (D α q I α q f )(x) = f (x).
Lemma . ([]) Let α >  and n be a positive integer. Then the following equality holds:
, the following is valid:
Particularly, for λ = , a = , using q-integration by parts, we have
Obviously, we have
(α) , and
In order to define the solution for the problem (.), we need the following lemmas.
Lemma . For given y ∈ C[, ], the unique solution of the boundary value problem
subject to the boundary conditions
is given by
where
Proof Since  < α ≤ , we put n = . In view of Definition . and Lemma ., we see that
Then it follows from Lemma . that the solution u(t) of (.) and (.) is given by
Differentiating both sides of (.) and with the help of (.) and (.), we obtain,
Then by the boundary condition (D q u)() = , we get c  = . Using the boundary condition
Hence, we have
This completes the proof of the lemma.
Lemma . The function G(t, s) defined by (.) satisfies the following conditions: (i) G(t, qs) ≥ , and G(t, qs) ≤ G(, qs) for all
Proof We start by defining the following two functions:
Obviously, g  (t, qs) ≥ . Now g  (, qs) = , and for t = 
Therefore, G(t, qs) ≥ . Moreover, for s ∈ (, ], it follows from (.) and Lemma . that
which implies that g  (t, qs) is an increasing function with respect to t. It is clear that g  (t, qs) is increasing in t. Therefore, G(t, qs) is an increasing function of t for all s ∈ (, ], and so
G(t, qs) ≤ G(, qs).
When  ≤ t ≤ qs ≤ , then G(t, qs) = γ t α- ( -qs) (α-) + [α -] q βt α- ( -qs) (α-) (γ + [α -] q β) q (α) ≤ G(qs, qs) ≤ G(,
qs).
Finally, we prove part (ii). When  ≤ qs ≤ t ≤ , we have
G(t, qs) G(, qs)
If  ≤ t ≤ qs ≤ , then we have
which implies that part (ii) holds. This completes the proof of the lemma. http://www.boundaryvalueproblems.com/content/2013/1/103
Remark . If we let  < τ < , then
According to [], we may take τ = q n , n ∈ N.
The main results
Let X = C([, ]) be a Banach space endowed with the norm u X = max ≤t≤ |u(t)|. Define the cone P ⊂ X by P = {u ∈ X : u(t) ≥ ,  ≤ t ≤ }. Define the operator T : P → X as follows:
+∞) is continuous and there exists a nonnegative function h
∈ C[, ] such that f (t, u) -f (t, v) ≤ h(t)|u -v|, t ∈ [, ], u, v ∈ [, +∞). (.)
Then the BVP (.) has a unique positive solution for any λ ∈ (, +∞), provided
  s α- γ ( -qs) (α-) + [α -] q β( -qs) (α-) h(s) d q s < (γ + [α -] q β) q (α)  . (.)
If, in addition, f (t, ) ≡  on [, ], then the conclusion is true for λ = .
Proof We will show that under the assumptions (.) and (.), T m is a contraction operator for m sufficiently large.
By the definition of G(t, qs), for u, v ∈ P, we have (Tu)(t) -(Tv)(t)
Consequently, 
By introduction, we get
From the condition (.), we have
for m sufficiently large. So, we get
Hence, it follows from the generalized Banach contraction principle that the BVP (.) has a unique positive solution for any λ ∈ (, +∞). If λ = , then the condition f (t, ) ≡  on [, ] and Lemma . imply that u(t) >  in (, ] . This completes the proof of the theorem.
Remark . When h(t)
≡ h  is a constant, the condition (.) reduces to a Lipschitz condition.
Our next existence results is based on Krasnoselskii's fixed-point theorem [] .
Lemma . (Krasnoselskii's) Let E be a Banach space, and let P ⊂ E be a cone. Assume  ,
 are open subsets of E with θ ∈  ,¯  ⊂  and let T : P ∩ (¯  \  ) → P be a completely continuous operator such that, either
Obviously, K is a cone of nonnegative functions in X. http://www.boundaryvalueproblems.com/content/2013/1/103
Lemma . The operator T : K → K is completely continuous.
Proof Firstly, we prove that T(K) ⊂ K . By (.) and Lemma ., we have
On the other hand,
Hence, we have T(K) ⊂ K . Next, we show that T is uniformly bounded. For fixed r > , consider a bounded subset K r of K defined by K r = {u ∈ K : u ≤ r, r > }, and let M = max ≤u≤r |f (t, u)| + . Then for u ∈ K r , we get
which implies that T(K r ) is bounded. Finally, we show that T is equicontinuous. For all ε > , setting
For any u ∈ K r , we can prove that if
In fact, we have
By means of Arzela-Ascoli theorem, T : K → K is completely continuous. For the sake of convenience, we introduce the following weight functions:
and set
Theorem . Suppose that there exists two positive numbers ξ  < ξ  such that one of the following conditions is satisfied
Then the BVP (.) has at least one positive solution u
, then the conclusion is true for λ = . http://www.boundaryvalueproblems.com/content/2013/1/103 Proof Because the proofs are similar, we prove only the case (H  ). Denote ξ  = {u ∈ X :
In view of (.) and Lemma ., we have
It follows
By Lemma ., the operator T has at least one fixed point u 
Then the BVP (.) has at least two positive solutions u *
, then the conclusion is true for λ = .
Proof We prove only the case (H  ). Since ϕ : [, +∞) → [, +∞) is continuous and ϕ(ξ
From Theorem ., the operator T has two fixed point u * 
Then the BVP (.) has at least m positive solutions u *
Examples
has a unique positive solution for any λ ∈ (, +∞).
. It is easy to prove that 
